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THE FIRST ALGEBRAICAL ESSAY. 



THE BINOMIAL THEOREM. 

INTRODUCTION. 

My the Binomial Theorem, Ave obtain a simple and general 
formula, which represents either the result of a constant mul- 
tiplication of a Binomial quantity bj itself, or some Root of 
such product, or the reciprocal of either of these. All the cases 
are concisely expressed by the exponential notation. In the first 
case the exponent or Index is an affirmative whole number, 
in the second case the exponent is an affirmative Fraction, 
and in the last case, in which the Theorem represents a Quo- 
tient, the exponent is either a negative Fraction, or a negative 
Integer. In the first of these, the series is often called a 
power as opposed to a Root, although " a power'' is a general 
VOL. XI, T term 
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term now used to represent all the cases I have mentioned. 
The Binomial Theorem extends to all of them with that gene- 
rality which could never be attained by going throiigh the 
arithmetical operations denoted by the Indices or Exponents. 

Thus if ;=— ^, then, ^'^f+xxf+xx.^Txx &c . . to n terms 



or p + x'' and '^'^p + xxp + xx p + xx Sec. to n terms or p+x'' 
will be represented by tlic following General Theorem ; 



m f- 'j^ ] 



f^'x' —p" ■v'^xp'' +r-(v""^)^/*'^ +&;c. a Demonstration of this 

1 . 2 
Theorem, which is the subject of the following Essay, was 
the result, a few years ago, of pursuing the excellent mathe- 
matical course, which is dehvered by the Rev. Dr. Magee, in 
the University of Dublin. 

Although Sir Isaac Newton discovered, so early as the year 
1669, this Theorem for the extraction of Roots of powers by 
the method of Infinite Series, yet it does not appear that he 
had ever discovered a proof ©f the truth of the I'heorem, and 
notwithstanding the Fluxional Demonstrations which later 
mathematicians had given, it was long observed, that an 
algebraical rule might more justly be proved by the principles 
of algebra. Of the above series particular cases only, have, 
as yet, been algebraically demonstrated, and the other cases 
have been usually inferred by Induction. Sir l$aac Newton 
&st considered Roots as powers. In all cases iie represented 

the 



the Index in &. Fractional Form, and where the Index was 
reaj]y a Fraction, he applied with success the same form 
which ah'eady had served when the power had an Integral 
exponen^t. That this Induction however is not a legitimate 
proof, will appear from distinguishing the particular cases 
which are comprehended under this general mode of no- 
tation. 

When the Index of a power of a Binomial is an affirmative 
whole number, that power is produced by repeatedly multiply- 
ing the Binomial quantity by itself so often as shall make the 
number of multiplications to be less by one than are the unit^ 
in the Index of the power: and it follows from ihc arrange- 
ments of common multiplication, that the power of a Bino- 
mial quantity whose Index is the whole number m, as i +0^,'* 

J 3 4 

will have the following Form, vi^. l+mx + Cju+Ds-i- Ex + Sec, 

m 

+ Zx. The Index of such a power, as well as every other quan- 
tity in numbers, can be represented after the manner of a 

Fraction as vizz~' But, if the Index is really a Fraction, the 

power cannot have arisen as above from a continued multi- 
plication of the Binomial quantity by itself, since. a multipli- 
cation can no more be repeated a Fractional than a negative 
number of times. Tlie analogy, therefore, which is founded 



on the consideration of 1+a;' under the above notion of 
powers, will be insuiScient to detemiine e.vejj the Form of a 

T 2 power 
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power of a Binomial quantity in the case of a Fractional or 
a negative Index ; and until we shall have by some means 

m 

^ 7 

discovered the law of the series which is equal to l-k-x, we 

th th 

shall call it the r Root of the m power of i +' .r," instead of 

calling it the y power of 1+^, or a power of 1 + a; whose 
Index is the Traction ^. Ami even considering the quantity 



Y th 



l+;r in this point of view as the r root of \+x, it has 
been usual to assume an infinite series of the above Form, 

m 

» 3 ______ ^ 

l + ~j!!-^c3;+ds + 8cc.zzl+,r; but it should first be made to 
appear why no Fractional Index shall be found in the series, 

or why in the r power of the infinite series, the powers of x 
which are higher than m will break oif. In deducing the 
law of the indices of the powers of x, I shall not attempt to 



express a finite quantity l + >r by a series having an infinite 
numb'er of terms, which attempt must appear to be impos- 
sible, nor in truth shall I assume a polynomial expression for 

— 

r 

any part of the quantity l+^r, until I shall prove that such 
expression will have arisen from a previous extraction of Roots. 
As to the Coefficients of x, it will be sufficient to shew from 
tlie extraction of Roots that the Coefficient of the second 

term 



term is y, since the remaining Coefficients can from hence be 
discovered by algebraical operations more simple than the 
extraction of Roots, The Coefficient of the second Term, 
and the Indices of the Terms, will be the subject of the fol- 
lowing Chapter ; and I shall reserve for the Second Chapter^ 
the Law of the remaining Coefficients, 



CHAP. 



isa 



CHAP. L 

Of the Law of the Indices of the Tenns in the Binomial 

Theorem, 

If r is any affirmative whole Number, the following will 

th 

be a General Rule for extracting the r Root of 1 + xj" or of 

1 + mx+Cx + I)x + e/+ &c, + Za;\ 
th 
Subduct the r power of the first member of the Root (which 

first member of the Root Ave know to be an unit) from the given 

ih 

power, divide the remainder by r times the r — 1 power of 

the first member, the first term of the quotient is the second 

member of the Root. 

th 
Subduct from the given power the r power of the Binomial 

found, conceived as the first member of the Root, and divide 

— th 
the remainder by r times the r — 1 power of the Binomial 

found, the first term of the quotient is the third member of 

the Root. 

ih 

Subduct from the given power the r power of the Trino- 
mial found, conceiving the Trinome found to be the first 

member 
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nienabei of the Root, divide the remainder as beforve, ihm 

conceive the first, second, third, and fourth members found, 

to be a Quadrinomial, &c. 

This Rule follows from the nature of Involution, for, if you 

th 

subduct the r power of the first member of the Root from the 

th ^ — '* 

r power of a Binomial, the remainder will be r times the r — I 

power of the first member of the Root multiplied simply by 
the second member, + plus certain multiples of powers of the 
first member, having a lower number than r — 1 for their 
Index, and having certain powers of the second member for 
their Cofactors. 

Although this method of extracting Roots supposes that from 
the power of 1 + at whose Index is the Integer m, there are suc- 
cessively taken the powers of Polynomials having the integer 
r for the Index of the powers, yet to demonstrate the law of tiie 
Indices of the terms in the Root, it will not be necessary to 
suppose the actual Coefficients of integral powers of polyno- 
mials to be determined, 1)ut merely the relation of indetermi- 
nate Coefficients to be known, which will appear fron^ the 
following Law. 

If to a multinomial of n terms, or to l + bx+cx + dj:+&:c.+sx^ 
there be added a term containing the next higher dimension 

« — th th 

of X as tXf then the m+ 1 term of the r power of the new mul- 

— th Ik 

tinomial exceeds the w + l term of the r power of the midti- 

nomial of n terms, by r times the member added, and tlie n 

first 
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iirst terms in both the powers are the same. For n being the 

th 
Index of the term added, it will enter no terra of the r power 

— th 
before the n+1, and there it is multiplied (from the nature 



■th 



of Involution) by the product of r multiplied by the r — 1 
power of the first member of the Root, or by the product of r 
into unity. 



EXAMPLE. 



1 n — I » 

l+^x+cx+8cc.+sx -^-tx z= 



«— J « n-~l » 

l + ix + Scc.+sx =:l + 'Bx+Cx + Scc.+Sx + Tx+kc, 

r— 1 

n n — 1 n 

+r X tx X 1 +bx + Sec. -i-sx zz +rfX'hScc. 

+ &C. = +&C. 



zzl+Bx + Cx+kc.+Sx+ {T-i~rt)x+kc> 



th th 

PROP. In the r Root of the m power of the quantity 



!+*■, that is in i+x, there will be found no Fractional 
powers of the second member of the Binomial quantity, and 
the Indices of the powers of x in the successive terms will be 
the series of natural numbers. 

Where 



139 

Where the Index of the power of a Binomial is a positive 
integer, this Law will appear from the arrangements of 
common multiplication: That the Law is the same where 
the Index is an affirmative or negative Fraction, will follow 

th 

from the rule which I have given for extracting the r Root 

ill 

of the m power of a Binomial, viz. by shewing that if from 

i n a 3 4 m, r 

\-\-x or from l+/«x + Cx + DAr-}-EAr-|-&c. + ZAr you subduct l,in 
the remainder, the simple dimension of oc is the lowest, and 
the second member of the Root is ^^r. That by subducting 



l + yX from the given power, in the remainder the second 
dimension of x is the lowest and the next member of the 



Root is of two dimensions. That by subducting (1 + -x) + ex, 
in the remainder all the dimensions before the third will be 
destroyed, and the new term is of three dimensions. That by 



subducting (l+^A? + cjf )+^«' from the given power, in the 
remainder all the dimensions below the fourth will be de- 
stroyed and so on, ad libitum. This will now be shewn by de- 
monstrating that such Coefficients in the Subtrahends are equal 
to the corresponding Coefficients in the given power, since r 
times the member added to the polynomial, is their common 
excess above equals. 

vox. XI. u Djemonstkation. 
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Demonstration. The first member of the power being 

r 

Unit, the Subduction of 1 and the division of the first term of 

the remainder by *• gives ~x for the second member of the 

th 
Root; by subducting again the r povver of the Binomial quan- 
tity l + y«* from the given power, the two first terms of the 
power are destroyed, for by the above method of extraction 
of Roots, the second member of the Binomial was derived 

by dividing the second member of the series by r, and this 

th 
is again multiplied by r in the second member of the r power 

of the Binomial found, therefore the first and second 

tJi 
terms of the r power of the Binomial found being sub- 
ducted respectively from the first and second terms of the 
given series, the first dimension of .r will not appear in 
the remainder, and therefore the next term is of two di- 

mensions. The two first terms of the r power of the Tri- 
ncimiai are thei same as those of that of the Binomial found. 
But fi^om the above ^nature Of Involution, the third term of 

the r power of the Trinomial is greater than the third term of 

th 
the r power of the Binomial by an excess which is the third 

term of the Root multiplied by r, and from the above nature 
of extraction of Roots, the third term of the given series is 

th 
also greater than the third term of the r power of the Bino- 
mial found, by an excess which is also the third term of the 

Root 
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Iloot multiplied bj r. Therefore the third term of the r 

power of the Trinomial and the third term of the given series 

th 
have the same excess above the third term of the r power of 

the Binomial, and therefore are equal. Therefore after the 

subduction, the three first terms will be exterminated, and 

the next member is of three dimensions . 

EXAMPLES.-f- 



Given power is 1 + at =: 1 + ota? + Cat -!- Dat + &c. 

Subduct 1 

* m!>s + &c. 
r)mx{~x 

Given power is l-\-mx + Qx-v T)x + &c. 



Subduct 1 + '^x=: 1 + WDf + cjv + &c. 



* * rex + &:c. 
r)rcic{cx 

t 3 

Given power is 1-f-mA? + C^f + D«+&c. 



Subduct (l+^i)f)+civz:l +mAf+(c-{-rc)jf+dar+&c. 



* * * rdx+kc 

r)rdx{dx 
u 2 In 



t N. B. In this and in the subsequent Example, the small Roman letters, c, d, &c. 
t, V, &c. which are used in the Subtrahends, are to be distinguished from the small Italics, 
c, d, &c. t, V, &c. which are substituted in the Remainders. 
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th 

In general if the n first terms of the r power of a multino- 
mial of n terms derived in this way be equal to the n first 

terms of the given series (as has been proved to the Case of 

th 
the Trinomial), and the excess of the « + 1 term of the given 

tk th 

series above the n+^ term of the said r power of the multi- 
nomial of n terms, be made according to the above method 
of Extraction to be equal to r times the new member of the 

Root, (this new member to be added to the former multi- 

ih 
nomial). Then, in subducting from the given power the r 

power of the new multinomial, the n first terms are the same 

th th 

as before, and the n+ 1 term of tlie r power of the new mul- 

th 
tinomial will be equal to the n + 1 term of the series. For 

ih th 

both of those terms exceed the 7^+1 term of the r power of 
the former multinomial by v times the term added. Hence, 
in the remainder the n + l first terms will be destroyed, and 
the Index of x will be higher by an Unit in the new member 
of the Hoot than in tha preceding member, and therefore 

vx will be the «+2 tern^ rt fx be the n + l term of the Root 
(as we have supposed) which will appear by the following 
General Example, viz. 



GKNERAL 
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GENERAL EXAMPLES 



n — 1 n 



Given power l+a;=H-«?^H-CAr+&c.+S«?+Tjv-f&c. 



I n — 1 1 n — I n 

l+yX+cx+Scc.+sx =l+mx+Cx+&ic.-{-Sx+tx+8cc. 

n 

RemaJnderzz* ^ * =« *(T-t>+&c. 

n n 

(T-t).r=rAi; 



n — 1 n n+\ 



Given power ]+^=l+;«x+&c.+S.r+ T.r +V.r +&c. 



n—\ n n—\ n «+l 

Remainders* * * * (T-tH^).r+(V-v)x+&c. 

n+\ 9!+l 

(y~\)x-—rvx 



In the former of these Remainders T — t=r/,, and hence 



in the latter Remainder T=t + r/.vT — t+r/=rO, Therefore 
the Coefficient of every power of x wh©se Index is not greater 
than n will be destroyed, and the lowest Index in the latter 

Remainder is ;^-f 1, therefore the Law .r, >t', .r, x, &c. z, x. Sec. 
will be the General Law of the several terms of the Root. 

To 
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To elucidate this Example, by applying it to tlie Extrac- 
tion of Roots of numbers, we shall extract the square root 
of 1.331, or of the cube of 1.1, where s—\^ and 1.331 is 
arranged according to the Indices of powers in the Decimal 
series, and may thus be otherwise expressed 1 + to- + ■l'3-o + boo- 
Now w being = 3, and rr=2, wc shall apply the foregoing Ex- 
ample as follows : 

3 

C; i\-eu Power ( 1 + y-) = 1 + ^V + rio + t-V- 

2 



1 


= 1 


Remainder 


* tV + &c. 




2)TV(|x-iV 


3 




Given Po^ver 1 + -'^ 


-l+3x-V + 3x-i- + --'™ 


2 




l + |x^O 


==l+3x-V + fXTi^ 


Remainder 


* * 4XT*7r+&C. 



^)t X Ti-VT ^ To"o 



Given Power 1 + -'-■" = 1 + 3 x -U + 3 x -j-X- + _L?^_ 



2 



T+IXTV+IXTiro"^ = I +3 X -V + 3 X -1.-+ |x ToW+ &c. 

Remainder * * * -|x -j^'-^— &c. 



Hence 1+^ = 1 + | x tV +1 x t:?o— tV x ToVo^ &c. and putting 
for I X tV' t X -^-, — -'- X ^-V^, &c. the Decimals, 0.15, 0.00375, 



3 



-0.0000625, &,c. we have i+33==l,i5S6&c. and this is the result 

which 
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which would be derived by extracting the Square Root of 1.831 by the 
known method which depends upon trial. 

4 

In like manner, we extract the Cube Root of 1 + -'3 or of 1.4641, 
which may be otherwise expressed 1 +_*_+ -£-+_i.^-}---i.--, viz. 
Given Power is 1+ -*- + -i- + — •-- + -r-- — 

^ ' 10 ' loo' lOOO' lOOOO 

3 

1 =1 



Remainder rr * 4xJ^+&c. 

3)4x^V(|x^V 

Given Power is 1 + 4 x -'- + 6 x t-- + 4 x _-.'__ -j-__i.-_ 

' 10* loo' lOOO'IOOOO 

3 



Remainder = * * i.x-^_+&e. 



Given Power is 1 +4 x -V+ 6 x -i^+i x __V-+^-x.-- 

3 



J+TXT'o+l-Xxi^ = 1 +4 X ,'- + 6 X Ti-+ W X ~'~ + &C. 



Remainder r: * * * ■/- x t^Vf ^'^• 



^/ "il" X I's-^-B- i f T X T3"oQ 



Therefore H-,-J =l + ix-'-+lx ,i---Vx t-Vo + &c- and substi- 
tuting for the Fractions the equivalent Decimals, we shall have the 
above expression =1.135&c. the same which would result from the 
usual mode of extracting the Cube Root of a number by trials. 

I have applied the general Example to the extraction of 
the Square and Cube Roots, merely to elucidate the method by 

whicli 
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which I have deduced the Law of the Indices in the alge- 
braical operations, and not for the purpose of giving a general 
rule for numerical extraction of Roots. For, I have supposed 

m 

certain arrangements i^i 1 + » which will not always apply to 

m 

l4-_i_, since the dispositions by decimal places in ai umbers, 
and those of the letters in algebra are usually diflferent. In 
the latter case the characters or letters arc indeterminate, and 
therefore no powers but those which are homologous are ca- 
pable of coalescing ujider the same coefficient. In the Invo- 
lution and Evolution of numbers, the members are multiples 
of terms in the decimal series of pmvers, the Indices of which 
powers are indeed in arithmetical progression like the Indices 
of X in the algebraical formula,but the nmltiples are denoted 
by the digits, although, if the algebraical arrangements were 
followed, they would be denoted by numbers or coefficients, 
which may themselves contain powers of 10. Hence the 
powers of the second member of the Root^ and the coefficients 
of those powers, which are kept distinct in the algebraical ar- 
rangement, will coalesce into one number in the numerical no- 
tation, and the necessary preservation of places and distances 
will prevent the members of a power of a Binomial number 
from being arranged according to the Indices of the second 

5 

member of the Root. Thus 1 + -'^ according to the natural 
places, or the numerical arrangements of the powers in the 
decimal series, is 1.61051, or ] + -%■ + -rio + t-°o - + t-I-- - + "oV « o- 

But 
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But according to the algebraical disposition of the terms, 
5 

l + y'~ would be thus expressed 1 +5 x -I'-^-j-lO x ii-+10 x t-W+ 



1 o o o o o 



The general Example will apply to the latter disposition, 
but if we use the former arrangement the Extraction of the 
Square Root will depend upon trial. 

CoR. I. We have hitherto considered the Indices of * in 



the r Root of l+x, or in I+a; ; but if the Binomial is f+x^ 
by resolving it into/jx (^^'7,)) the same proof will extend to 
the Law of the Indices of the second member; and therefore 

m ^ i? — 

{l+-) = l+'rp+^p^+Scc. Hence we shall have p+«=^x (l+p 

w »» ^ m m. m ^ pi a ^ „ 

r pr ^ pr " p7 "r "r i y '"■ T 

zzp+~xp + cx p^'+Scc+tx p^+Scczzp-i-Yxp+ocp+kc+txp+Scc, 
In the last step of this proof I have supposed the equality 

m m 

pT 7 " 

of j;" and p, which perhaps may require a Demonstration when 
7 is a Fraction. If the Indices of p in the Dividend and 
Divisor were Integers, it would follow from notation that the 
subduction of the Index of the Divisor from that of the Di- 
vidend should denote a Division; viz. if m and nr be Integers, 

we shall have y^p ; and hence we shall prove that the 

subduction of the Index of p in the Divisor from the Index 

of p in the Dividend will effect a Division, although p should 

TOL. XI. X have 
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>~» .*. ▼ «... — ▼ 1 



have a Fractional Index, for since ^'"=:J9 •*• ^ p„,— ' p 

p y m — nr f — n 

that is p n =zp~~r~ = or=j? Thus although we cannot cour 

m 

F 

«ider the Dividend p, whose Index is the Fraction ^, to have 

been produced by a number of multiplications as in the case 

where the Index is an Integer, yet the same Law of Division 

through the subduction of the Indices is shewn to apply in 

the one case as well as in the other, by considering the Divi- 

th 
dend and Divisor under the form of the r Roots of powers 

of p whose exponents are Integers ; we effect this by the 
known method of reducing the Radicals to the same Deno- 
mination which is the necessary step for their Multiplication 
or Division. 

CoR. II. From the Cases where ^ is affirmative, we shall by 
algebraical Division be able to prove that the Law of the 
Terras will be the same when the Index of the power is 



negati'.e. In this case we have the negative power^ + j? 
1 1 



"r 



/« — m nt , m „ 

y — r — 1 I r — Z 

/»— Ta?/'+(t'*-~c)a'/» + &c. 






Cor. 
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CoE. III. We have now deduced the Law of the Indices 
of the terms from the extraction of Roots, and from hence 
also the Coefficients of the second and third terms where the 
Index of the power is a Fraction will be known from the 
cases of Involution, wherein the Index of the power being 
an affirmative Integer, the dependence of the Coefficient on 
the Index is known. 

Thus rb—m therefore /5s=7 and in negative powers — ^^=:-^ 



VI — mr 



Also rc—Q — c ='»—»« *•— >-/z therefore c— 

at* 

and in negative powers '^\ — c— g^n— m-f „(r _ m-f »ir 

Having now proved that p-^x "^ will be of the same form, 
whether the Index is affirmative or negative, I shall hereafter, 
for the sake of convenience, put ^ instead of +r» and then 
the general Index ^ will denote any positive or negative 
Fraction or whole Number. 

If ^ is a surd, we can find rational numbers which will 
approach it as near we please, and although we cannot con- 

m 

7 

elude from the rules which I have given that p+x will be of 
the above form, when y is a surd, since no such arithmetical 
process as Involution, Evolution, or Division, can in that 
case be understood, yet the above forms will apply to the 
powers which have the approximate value of ^ for an Index. 

X 2 CHAR 
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CHAP. II. 

Of the Co-efficients of the Terms in the Binomial Theorem. 

From the following proposition two corollaries are easily 
deduced, which La Croix has proved by expanding a com- 
plex differential formula, which he has made to depend on the 
co-efficients of the terms in the Binomial Theorem. (See his 
Diff. Meth. vol. 3. pag. 7.) But as I shall shew an immediate 
transition to the uncias of powers from those corollaries, I 
shall simply demonstrate them by means of the following 
independent proposition. 

I shall first observe that the terms of an arithmetical se- 
ries are usually represented as Binomials, whose first members 
are the constant basis of the progression, and whose second 
membei's are the variable multiples of the common differ- 
ence: but we shall avoid any complex substitutions, if we 
make the next lesser term of the arithmetical series the first 
member, and the common difference to be the second member 
of the Binomial. 

Prop. If o, p, q. r, s, &c. are the terms of an arithme- 
tical series whose common difference is d, then will p-{-d, 
q + d, r+d, s + d, t+d, &.c. be respectively equal to the cor- 
responding terras of the series, o, p, q, r, s, &c. If we take 

th 
the differences of the y powers of the Binomials, and the dif- 
ferences of these differences, or the second differences, &c. 

the 
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ih th 



the first members of the n differences of the ~ powers of 

th 
the Binomials, are the (? — n) powers of terms in arithmetical 

progression, with a constant co-efficient, viz. "^d. {y — l)d^ 

{7—2)d. &c. {';—n—\)d. viz. 

THE POWERS OF NUMBERS IN ARITHMETICAL. 
PROGRESSION. 

m m m m j m q 

0^ =p + (pr=p7 + ~dp^ + Cd^'p'^ -f&C. 

m mm m j m q 

pT-g + d^r = q7 + ^dq7 ■\-Cd^qr +&c. 

m. mm m j m o 

qy = r+cP~ = /•" + ^dr*" +Cd'rr + &c. 

m m m m__i m 2 

y =S + d?''=Sr +yds'' +Cd^Sr +&C. 
m m m m 1 _ >n o 

s7=t+S^y=tr+^dtr +CdUy +&C. 

m 

t^zzScc. 

FIRST DIPFEJIENCES. SECOND DIFFERENCES. 

^dp~ +Cd^p'r +&C. w_2 

^d.{^—i)dqr +&C. 
m ,j m 2 

~dqr +Cd''g'^ +8cc. m__o 

^d.{';—\)drT %&c. 

fdr-y +Cd'rT %-&c. m_o 

^d.{'^~l)dsr %&C. 
yds- -iCd^Sr +&C. m_o 

^d.{';—l)dt7 ^+8cc. 

^dty ^.CdHr %&C. 

Dejionstration. 



li^2 

tk 
DEMoN-sTRATiosr.—The first differences of the ^ powers 

of the Binomials are derived by taking away the first members 

th 
of those powers, for this is to subduct the y powers of the 

fh 
next lesser Binomials. The second differences of the f 

powers of the Binomials (or the differences of the first differ- 
ences) will be equal to the sums of the separate differences of 
the separate members of the first differences, which members 
being the powers of terms in an arithmencal series, the in- 
dices of which powers are ?— 1, —2, ^—3, &c. the first dif- 
ferences of these will be known from the first differences of 

the ^'powers: For, it p'^ — q'r=^dqr +Cd''cf +&c. then 
willp^ —qr ^-{^~\)d(ir ^J^Cd'qy +&c.; andjj^ — 

7, 

Tfi n m q m 4 

qr ^=(-_2)^jr ^J^Cd^qr *J^8cC. 

3 

But there are wanting none except the highest members of 
the expressions for the first differences, in order to obtain the 
highest members of the expressions for the second differences, 

th 

and none except the highest members of the w-1 differences 

ih 
in order to obtain the highest members of the n differences, 

for the differences of the highest members contain higher 
powers than the differences of the lower members. 

Since then, the highest members of the first differences 
th 
of the ^ powers are yd multiplied by the powers of num- 
bers 
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bers in arithmetical progression, whose Index is ^ — 1, and 

tk 
since the highest members of those y — 1 powers are {y — 1) li 

multiplied by powers whose index is y — 2. Therefore the 
highest members of the second differences will be the common 
multiplier yd, {y — i)d multiplied by powers whose Index is 
y — 2. Again the highest members of the differences of the 
y — 2 powers of numbers in arithmetical progression are 
{y — 2)d. multiplied by the powers whose Index is (" — 3). 
Therefore the highest members of the third differences of the 

th 
^ powers =^(/{^—l)rf.(^—2)c?. multiplied by the ^—3 powers 

of numbers in arithmetical series. 



GENERAL EXAMPLE. 

ik 

The n — 1 differences. 



^d.{'^—l)d.. &c. {^—n~^)dsr-''-' + 8cc. 



T:—a—l 



^d . (?—!)(/ . . &c. (^— n- -2) dt ^~"~' + &c. 
&c. 

th th 

The n differences or the differences of the n— 1 differences. 

2d.(^— ])d..&c. (^— n-2)d (^— »~l)^/^^~" + &c. 
&c. 

In 
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tit 
In general, if the highest members of the n —1 differences 
th 
of the y powers of the terms of the arithmetical series of 

Binomials be (as has been shewn in the first, second, and third 
differences) ="rf. ("— l)f/. &c. {y—7i—2)d multiplied by the 
powers of numbers in arithmetical progression whose index is 

th 

T — n — 1, then, the highest members of the » differences will 

be equal to the common co-efficient multiplied by the highest 

th 



members of the differences of ^ — n — 1 powers of terms in 

arithmetical series, = '^d. {y—l)d. (^— 2)c?. &c. {y—n^)d. 

th 

{y — n — l)d. multiplied by the " — n powers of numbers in 

arithmetical progression. 

Thus in the Examples the quantities 









r^d.[^~~\)d.{'^—^)dtr~^* 



yd.{!;—l)d..&c.{^—n~l)dt7 " are found in the series of 

th 
the first members of the first, second, third, and n orders of 

th 
differences of the y powers of the terms in the arithmetical 

series, in which t is a term, and d the common difference. 

CoR. 
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Cor. I. If instead of o, p, q, r. Sec, tbe terras of tlie 
arithmetical series be supposed x+o, x-^p^ x+q, x+r, &c. 

th ih 

then the first members of the n differences of the ^ powers 
%vill be ^d ir—^H (7— 2)c?. &c. {^~'l^l)d multiplied by the 

th 

~~n powers of Binomials in the arithmetical progression 

x + o, x+p, x + qy &c, and if the terms in each difference are 

made to proceed according to the powers of x, the highest 

th 
member of each of the n differences will be constant, and 

equal to ^d. (?-l)d. (^— 2)rf&c. (?— k=1) dxr~''' 

CoR. II. The second differences of the Squares, the^ third 

th 
differences of the Cubes, and in general the n differences of the 

th 

n powers of numbers in arithmetical progression will be con- 
stant and equal to the product of the digits from the Index 

th 
to unity, multiplied by the n power of the common difference 

ft 
of the arithmetical series, or =1.2.3. &c. nxd. For, each 

order of differences being made up of the separate differences 
of the separate members of the preceding order, and the in-^ 
dices of the members diminished by unit being the highest 
indices in the differences of those members, when those in- 
dices are equal to cypher, the members will be constant in 
which cypher is the Index of the terms. In ^ch difference 

YOU XI. X til® 
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the constant members of the preceding order of differences 

th 
are destroyed, therefore in the n differences the first terms 

alone will remain, and the indices being —n — n the powers 

th tit 

will be equal to unit. Therefore the n differences of the n 

powers, are reduced to the constant quantity nd.{n — \)d. 

n 

{n—2)d.&c..3.d.^d.ld-l.'2.5.&:c..{n — 2).(n--l).nx rf. 

Sir Isaac Newton's Binomial Theorem may be deduced 
from a simple algebraical Equation, derived from those Co- 



rollaries and from what has been shewn of the form of x + qrf 
by substituting merely the terms of an arithmetical scries for 
q, viz. 



.m nt m j a m - 3 m n 



x + q'^zixr +bqxr -^-cqxr •\-dqx'r +Scc. + tqx'^ +&c. 



» m 2 3 '" 3 " »* n 



x + Sr =xr +i4.A'«- +cAxr " + ^.41'^' +&C. + /.4.A''- +&c. 



m m 



Ar + 3'-— lI»- +^.3.t'- +c.S.xr +d3.x'^ +&:c.+t.3.a;f +&.C. 



-^ m m m j 1 m 2 3 >» 3 



X+2 r—xr +b.2xr + C.2.X'' ^d.^.Xr- +8cC. + t.2.Xr +ScC. 

. ,^ m tit m j X m 2 3 >»' 5 ■■ >" n 

X+l'r =X'r^b.\.X'' ^C.l.X'i" -\-d.\.X~ + SiC. + t.l.X'^ +&C. 

th 

Here the n powers of the natural numbers multiplied by 

t will be the co-efficients of ;f^ ' and since the terms which 

contained 
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ih 

contained the first, second, third, &c. to the n — 1 powers of 

ih 
the natural numbers will not be found in the n differences 

ih 
of those series, (the n differences of powers whose Index is 

4ess than n, being differences of common differences,) there- 

ih tk 

fore the first members in all the n differences of the - powers 

Ik 
of ^ + 4, x+3, x + % &c. will be = f multiplied by the n dif- 

ferences of the n powers of natural numbers x xr or (by 
Cor. 2.) =#x 1.2.3. &c. nxxT~'\ But (by Cor. 1.) those 
common first members =™ (^ — 1),(~ — 2).&c.(^-~n — Vjx^ * 



>^~n 



therefore ^x I.S.S.&c.wx^f '*_^.(»_^i).(«-«2).&c.(^.— n— 1) 



1. 2. 3.. &c. n 

m, 1 a m o 

.— ^ . m Im \\ . . — ■^ 



Therefore x-Vc^^^—xr +yqx'r -^-.{y — l)qx~ .f&c.-j. 

1.2 

^■(^^— l).&c.(^— n— 1)^ 0^'- +&c. Q. E. D. 
1. 2.. &c. n 

Note. In proving the Binomial Theorem above, I have 
equated the two expressions for the common first members of 

ih ih 

all the n differences of the ~ powers. For, the differences 
themselves are indentical, being changed only in form without 

y 2 altering 
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altering the value of .r, and the highest powers of .r being the 
same in both those expressions, if Ave divide by those powers, 
then the common first members are the only members in both 
which do not contain negative powers of at, and therefore 
the common first members in both expressions are identical. 

Newton, in his letter of the 13th of June, I676', to Mr. 
Oldenburg, the Secretary (o the Royal Society of London, 
has expressed the Binomial Theorem in the following form, 



viz. P+PQ^''=P»+;iAQ+-2^BQ+-3;rCQ + -4;rDQ+&c, 
where P+PQ signifies a quantity of which some Root, or some 
dimension, or some Root of a dimension is to be investigated, 
also P denotes the first term of that quantity, Q the remain- 
ing terms divided by the first, and z the numeral Index of the 
dimension of P+PQ, Avhether that dimension be a whole or 
a broken quantity, affirmative or negative, and A, B, C, D, 
&c. are used for the terms found in the progress of the 

operation, that is A for the first term P"^, and B for the se- 
cond term ^AQ, &c. See Commercuira Epistolicum, No. 
XLVIII. 

In the 45th Proposition of the First Book of the Principia, 
Newton gives the same Theorem in the following Terms, viz. 

'F=X\''^T''--»XT"~^+!t:fXT"~^&c. and also in the 93d 
Proposition of the same Book, he gives the following expres- 

m m m — n m — ^» 

sion, yiz. A+0^=A +^0A +^^^6 A &c. 

De 
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De Moivres Multinomial Theorem will easily follow from 
the Binomial Theorem of Newton, which Avas given above : 

for, in (Q5r + R5; + S5r + T5; + &;c.)'^ the co-efficient of x'r is 
1. 2. &c. . n ^ '* 

X J 4 ^ fi £ 

and in (Q2:+R2; + S2; + T^+&c.) the co-efficient of (Qz) is 
nAn — l).&c.(n — d — 1) .,.»„*,„* .^ 



And in (RzVs^ + t/+&c.) the co-efficietit of (r^) 
dAd--\.)kcAd--e^) ,^ .. „, < 



is 



Therefore in {x + Q2; + Ra + S» +T5r + &c.)^ 

the co-efficient of x^'^^ x (Q^)"~ x (R^ ) ""^ x (S^ ) x &;c. 

will be ^.(7~l)>&c.(^--?;:-I) n.(«— l).&c.(w~d=l) 
1 . 2 . 3 . &c. w ^ 1 . 2 . 3 . &c. d ^ 

d(</— l).&c.(rf— i^) e.(e-^l).&c.(e— /^) x &c. 
i . 2 . 3. &c. e ^ 1 . 2 . 3 . &c. / 

Now, forz xz xz x&c. put 5r ^ ^^■'^ 

and simplify the co-efficient, and you will have this general 

expression for any term : 

^ . (;.'— 1) .(^— 2) . &c. . . . . . &c.(^— ;i^) 

1.2..&c.(m— d) X (1.2..&c.(f/— e) x l.^Z.lkc.{e—f) ^ 

.i^-"" X Q""' X Bf-' X S'-'^x &c. X /«+'^+^+/+&^-^ rf J^^ 



The imiltiiioinial Theorem has been generally expanded in 
the following form, viz. 

2 3 -m 

m 2 >" 3 

V F 

m in 1 ' * 3 3 

1.2 1.2.3 

1x1 

m ] 3 

•\-"p7 Sjs +&C. 

Now, in this expression, the first quantity that is expanded 
isA;+Qj3l7, and then ^ x x+Q^t"^ x (Rz+S»+&c.), and af- 
terwards J^(|-^. T^q^^f-^j^ (Ra+SjsV&c.f' and so on. 
1 .2 

But the arrangement which would follow from the Demonstra- 
tion which I have given, would be the following, viz. 

xr^^xr {Qz + Jiz-hSz + Scc.) 

tn O 2 3 2 

+ ^.(^— X); fr~^(Q;g + R;S+S;S + &C.) 

1. 2 

+ ^.(^'— 1).(^— 2>'^~ ^(Q;s+RAS;s%&c.)' 
1. 2. 3 

+ ^.(^— 1).(^— 2).(^— 3)^Q^_^j^^^^g^^^^^" 
1. 2. 3. 4 

+ &C, According 
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tk 
According to this arrangement, the y power of the above 

Multinomial, will be thus expanded, viz. 

X-r^'^xT^Qz^-'^X^^Kz + ^xT '^Z +>7 ^"fz -f&C. 

m a 

+ ^.(^l) ^QV+ ^.(^l) ^QRg+g.(y— l):rQS^ * 
1.2 1x1 IxT 

1.2 

r r 

+^-.^-l.^-o.a,Qy +p.(^.l).(-^.2) yQR;s+&c. 
12 3 1.2x1 

r 

12 3 4 

De Moivre has given the Multinomial Theorem in the Phi- 
losophical Transactions of 1697. His proof, however, ffora 
the doctrine of combinations extended only to integral powers 
which are produced by repeated multiplications; but Newton's 
Theorem having now been demonstrated, and the Multino- 
mial Theorem having from thence been derived, it will follow 
that the latter Theorem is as general as the former, Avhether 

the 
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the Index of the power be an Integer, a Fraction, or even a 
Surd, as will easily appear from the observation which I have 
already made at the end of the former Chapter. 



ESSAYS 



ON 



POWERS AND THEIR DIFFERENCES. 

BY FRANCIS BURKE, Esq. He. He. 



THE SECOND ALGEBRAICAL ESSAY. 



On finding, per Sal turn, the several Orders of Differences. 



INTRODUCTION. 

TflE Formulae for finding, per Saltum, the several orders of 
differences of quantities in a series, have been i^sually de- 
duced from a repeated algebraical subduction. Thus, if the 
successive quantities are o, 6, c, d, e, &c. the first ditferenccs 
area — b, b — c, c — d, d — (?, &c.; and the second differences, 
or the differences of the first differences, are, a — 26 + c, 
b — 2c+c^, c — 2rf+e, &c. ; and the thirrl differences a — 36+ 
3c — cT, 6 — 3cH-3rf — e, &c.; and, the coefficients being produced 

n th 

like the uncise of the powers of (1 — x), the n differences are 

a — w6+ »f»— ')c »'»—')(«— 2 V i4-&c, h — MC-t- ^C"— ^) <j »("—'("— 2 V 
i . 2 — 1.2.3 1.2 12.3 

m m m m 

+&C, &c. And if the quantities are a , 6 , c , d , &c. 
VOL. XI. z the 
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ih- 
the n differences are found by the same operations, and are 

mm m m m v* 9 m 

a—nh+"' i»—^) c »•(»— i)-.(''-i-2)w +&fi. b~^nc+±!tzlld n-ja^iUn^^) ^, 

1.2 1.2.3 1.2~1.2.3 ' 

&c, Sec. in which the successive quantities in the series of 
powers are made also to ei^ter into the expression for the dif- 
ferences of the powers. The method of Fluxions, although 
a particular ease of the method of differences, cannot from 
the above Formulae be immediately deduced, since those 
FormulfB suppose the successive quantities to be known: 
whereas, in the method of Fluxions, no account is tp be taken 
of the successive values of variable quantities, and to express 
the several orders of Fluxions of powers, Ave have no other 
notation than by expressing them io terms of the Fluxions of 
the Roots. Therefore, putting Q instead of a — b, and R for 
a — 26+c, and, for the first of the third differences, or a — 36-t- 

3e — d putting S, Sec. Sec, if we would represent in terms of 

th 
these the n differences of the powers, ,pr such parts of them 

as are constant, we \vould enJarge the analogy which has been 
observed, in some cases, to hold ^etwe^n differences aad[ 
Fluxions. And this i« the objeiGlt of tJpt^ following Essay, in 
which the 5th Froposition an^l thie differential Problems will 
include the very useful and general Formula, for the co-effi- 
cients in the method of finding Fluxions per 'SaHum,as disco- 
vered by the Rev. Dr. Brinkley, the Professor x)f Astronomy, 
in the University of Dublin. See the 7th vol. of " The 
Transactions of the Royal Irisfh :4cademy," p. ^27. 

ESSAY 
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ESSAY 11. 

CHAP. I. 
PROP. I. 

As a priftciple in the proof of the Binomial Theorem, it has 

th th 

been already demonstrated, that the^-w differences of the n 
powers of nuinbers in aritbinetioal progression will be con- 
stant and equal to the comn^on difference of the Boots mul- 
tiplied by the product of the digits from unity to the 
Index of the pd^er. But, as this shall be a principle in the 
following Propositions, 1 shall demonstrate it here in more 
particular terms than could be admitted in the proof of the 
more general Proposition from which it was deduced as a 
Gbrollat-y. 

Let pi q, r, #, /, &c. be the termis of an arithmetical series, 
whose eomtnoft -differetice is ii, then g+rf, r-f rf, s+(/, t+d, v+rf, 
ScH- will be rcspecliv^ely eqoal to the feorrespwiding terms of 
the former series, p, g, r, *, /, &c. since each Binomial has 
for its first member the next lesser term of the series, and for 
its second member, the com^iion difference,; and the first 

ih th 

iMiembe*s Of the h 1^^n<&{ fhc«e iBioomes being the n 

fe '2 powers 
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powers of the first members of the Roots, will be the n powcFs 
of the next lesser terms of the series, viz. 

ri'BST DIFPEEENCES. 

p^zzq + d> =q^ + ndq^ +Cdq + &C. _ ,„ „ 

ndq + Cdq -t occ. 

q —r + d^ —r +ndr -^\^d.r +&c. ^_j « „_2 

ndi^ + Cdr + &c. 

r =s-td] =:s 4-«as +Lds +&c. , , 

Tlf/S + Ld$ + &C. 

Hence, if we take away from the n powers of the Bino- 
mials the first members of those powers, we shall have taken 

th 
from them the n powers of the next lesser terms of the arith- 
metical series, and the remainders are the first diflferences of 

th th 

the n powers of the Binomes. Therefore the n — 1 differences 

th th 

of the remainders are the n differences of the n powers, but 
those remainders involve only lesser powers of the first mem- 
bers of the Binomes, which first members are in the same 
arithmetical series, and the highest of those powers are the 

th 
n — 1 powers of the terms of that arithmetical series, the co- 
efficient of these powers being wXt/. 

Therefore in the case where the Index n is equal to 2, the 
second differences of the squares will be common, for they 
are the first differences of the terms of an arithmetical series 

multiplied 
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multiplied by 2d, the CQ-efficient of the second term. There- 
fore, the second differences of the squares — rfX2d. 

' FIRST DIFFBRENCKS, 

^dq + d 



p=q + 2dq + d 
q — r-\-2dr + d 
r=:* + 2ds + d! 



2f/r + d 

s 



s=&c. 
The third differences of the cubes will be the second dif- 
ferences of their first differences ; i. e. of the remainders, 
after taking the highest members awaj. JJut substituting 3 
for 71, the second differences of the remainders zz3d multi- 
plied into the second differences of the squares, since the 

th 
second differences of the one powers =0. Therefore the 

third differences of the cubes zzdxMxSd. 

p=g + 3dq+3dq-\-d' ^"^^^ differences. 

3dq+3dq + d 



q=r+3dr + 3dr+d 
r=s -h5ds +3ds-\-d 



3dr-\-3dr-^d 
3ds+3ds+d 



s=8cc. 

In general, when the proposition is proved of all the 
powers whose Index is less than n, (as it has been proved of 
the second and third powers), in this manner also the case of 

'A th 

the n powers will be deduced^ viz. The n~-l differences of 

the 
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the remainders, or the n differences of the given powers, will 

ih _ tk 

be the n—i differences of n times the n — 1 powersj which 

^re the highest members in those remainders ; for the n — 1 
differences of the members containing lower powers, will be 
the differences of common differences, and therefore =0. If 
tl;en (as we liave shewn in the second and third powers) the 

th th 

n — 1 differences of the n —1 powers be =:ld2d...n- -Id, the 

th th 

?i differences of the n powers —ld,9>d,.,n — Idxnd ox = 



I.2.3...W — l.nxd. 

PROP. II, 

If there are n number of arithmetical series, whose com- 
mon differences are respectively a, by c, d, &c, let all the 

different corresponding terms of the several sieries he mul- 

th 

tiplied together, the n differences of the products will be 
constant and equal to l.^.5...nxabcd &:c. 

For, let A, B, C, D, &c. be the correspXMident terms of 
the different series, the products will then be 



So+Ax 36-1- J3 X 3c + C X 3t/+ D X &c. 



2a + AK2^+Bx2c + Cx ^d+ D x Sec. 



a+Ax b+Bx c+Cx d+l>xScc. 
Ax Bx Cx Dx&c. 

And 
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And those factors being multiplied, the products will be 

3" X abed &c, +3""^ x Abe Scc.'^ aBc kc. + &C.+ABCD &;c. 

3" X abed «&c. + 2"~' x Abe Sec. +aBc&c. + &c.+ ABCD «&c. 

1" X ofecrf &c. +1"""^ X Aic&c, +aBc&cr+&c.+ABCD &c. 

+ABCD&C. 

th 

The highest terms in those products are the n powers of 
the natural numbers with the constant co-efficient abed &c 
which is the product of all the common differences. The 
subsequent terms are the inferior powers of the natural num- 

th 
bersj with certain constant co-efficients. But in the n differ- 
ences, all the inferior powers are exterminated, the terms 
which are the differences of common differences being =0. 

th th 

Therefore, the n differences of the contents are the n differ- 

th 
ences of their highest members^ or the n differences of the 
th 

n povvers of the natural numbers Avith the constant co- 
efficient, abed &c. or=:1.2.3...»x afecf^ &c.* 

PROP. III. 
The series 1,^±1, <'!?±iMi±f->, f«+u-^»+2r«4-3; . &c. will have 

1 1.2 1 . i2 . 3 

th 

the n differences of its terms common and equal to unit, 

th 
(which is the definition of triangular numbers of the n order) : 

For 



170 

Tor if wc take as an example of the preceding proposition, 
the contents, Sec x Sec x Sec, .Sec. 

4ix5x6.,.(n+3) 

3x4x5...(w+2) 

2 X 3 X 4...(rHr 1) 

1x2x3 ... 71 
in which the different arithmetical progressions are the na- 
tural series, and also A, B, C, D, or the corresponding 

terms arc the natural series 1, 2, 3, &c. to n. One of 

th 
the contents zzl.'Z.S...ny which is equal to the n differences 

of the contents. Therefore, if we divide the quantities 

].2...-«, 2.3. ..(n + 1), 3.4...(w+2), 4.5...(» + 3), &c. by 1.2...Jt 

th 
unity will be equal to the n differences of the quotients 

1, "+1, r«+ u-r>»+2; ^ (n+p.cn+Qj.cn+s) ^ Sec. 

i 1.2 1.2.3 

PROP. IV. 

If the g powers of the natural numbers, and the r powers 

of the corresponding triangular numbers which admit two 

th 
orders of differences, and the corresponding s powers of the 

triangular numbers having three orders, &c. be all multiplied 
as follows: l^x I'^x 1 x &:c. 
2*x3''x4.*xacc. 

3^x6''xl0*x&c. 

kc. X &c, X Sec. X &c. And 
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And if we take the differences of those products, thej will have 
as many orders of differences as gr + 2r+ 3s + &c. and the last of 
those will be constant and =lx2x3x4x &c...{q+^r+5s-i-&.c.) 

l^x 'r^'"xE¥^'x&c. 

For, the several powers of contents being multiplied by 
each other, in the horizontal lines in which they correspond 
together, viz. 

2.3.4...(o-+l)/ |l|\2.3.4...(/i+l)/.|f\2.3..(fc+0^&c. 

i3.4.5...(g+2)r|':|*)3.4.5...(/i + 2)r 1H3.4.. (A:+2)x&c. 

I^f&c. N lllf &c. J t!c&c. x&c. 

the results of the multiplication will be as follows, 

'1.2 , . . .g X 1.2 . . .g- X &C. till repeated J times, 1.2... A X &C.tiIl repeated rtiines» 

|2.3...(g+l)x2.3...('g+l)x&c ±3..{h + l)x&,C'- 

)3.4...(g+2)x3.4...rg + 2)x&c 3A...(h + 2)xScC" 

.&c. x&c. x&c &c. x&c 



• ♦ 



a ft 



X 1.2.3 k X 1/2.S ., ^k X &C. Tai repeated i times, X &c.'^ 

X 2.3.4... (k+l)x 2.3.4. .. (k+ 1 ) x &c. x &c.^ 

X 5A.5...(k + 2) X S.4.5...(k-\-2) x &c. » • x &c.C 

X &c. X &c. X &c. X &c. J 

In which the Involution producing a repetition of contents, 
each of which has several factors, the series resulting from the 
multiplication of the powers of the corresponding contents 

voL.» XI. 2 a wiB 
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will now be the contents of as many arithmetical series as 

th 

gq + hr + k$ + 8cc. which sum putting equal to n, the n differ- 
ences of the products of the corresponding terms of n arith- 
metical series, which (by the second Prop.) =1.3.3...«, will be 

th 
the n differences of the products of the powers of the contents. 

But, (from Prop. 3.) if wc divide those products of the powers 

of the contents by 1.2.3.../^ x l.'i.3..Jh''x 1.2.3. .£'+Scc. we 
shall have the products of the powers of the corresponding 
terms of the different series of triangular numbers, whose 

th 

orders are g, h, k, &c. Therefore the n differences of these 

will be 1.2.3...7?, divided by i.2.3...g^^x \.2.3...}tS''x 1.2.3.. Jc^'x 

1.2.3.4 n 

&c *•* = _ - ■ 

1.2.3.../^ X 1.2.3...A^'"x 1.2.3...^^* x&c. 

LEMMA. 

The quantities in any series can be expressed in a multi- 
nomial form in terms of triangular numbers and of the first 
of the several orders of differences of the quantities : viz. let 
P be the first quantity taken in a series, and let Q, R, S, 
&c. be the first of the several differences whose orders are one, 
two, three, &c.; the following general formulae will express 
the preceding and subsequent quantities in the series, viz. 

GENERAL 
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GENERAL EORMULiE. 

th 

V + w.Q ■{■ mv+u"R -i- ^.rw+u-rw+^J S &c.=:n preceding quantity 

i.2 1.2.3 

&C.+&C.+ &C. + &C. +&C. +&C. 

P+3Q+ 6R+ lOS +&C. 4- r>»+i)Cn+^) D+&c. 

1 . 2 „ 

P + 2Q+ 3R+ 4S +&C. +(n+l)D +&c. 

n 

P + Q + R + S +&C. + D +&C. 

P=:the first of the given quantities. 
P— Q 

P~2Q+ R 
p_3Q + 3R — S 

&c.— &C.+ &c.— - «&;c. +&C. 



th 



P — wQ 4- ^ r«-i; R— «.rw-U.rw-2; S &c.=w succeeding quantity, 

Por, since in those forraulse, the co-efficients of Q have their 
diiferences equal to unit, and the co-efficients of R, their se- 
cond differences, =1, &c. if for P,Q, R, &c. in the formulae, 
we substitute Q, R, S, &c. respectively, we shall have the 
first differences of the quantities ; and by substituting R, S, T, 
&c. we have the second differences, &c. Therefore, P being 

2 A S the 
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the first quantity of the series of assumed formulae, Q is the 
first of the differences of the first order, R, the first of the 
second order of diiferences of the assumed quantities, &c. 
Therefore, the law of the assumed formulae is the same with 
that of the series whose orders began with Q, R, S, &c. 
Therefore all the formulae in the series are rightly expressed 
as well as P. 

Note. When the given series has no constant order of 
differences, the expression for preceding quantities, viz. 
P+Q + R+S + &C. will be an infinite series, I have therefore 
given the above proof, by shewing that the differences of the 
assumed, and those of the given quantities, are identical, 
since the proof which is usually given by a summation be- 
ginning from the last order of diflferences, can only be applied 
where there is such a constant order of differences to be found. 

PROP. V. 

If P is one of the quantities in a series admitting several 

orders of differences, the first of the differences in the first, 

second, third, &c. orders of differences of those quantities 

being Q, R, S, &c. putting (p — dj + (d — e)+&c.=p, and 

(j>—d) + 2 (d—e) + 3 (e—f) + iScc. or / + df + e +/+ &c. = «. In 

th th 

all the n differences of the ^ powers of those quantities in the 

Lemma, the co-efficient of Pr~^xQ^~ x R ~' x S'~"^x &c. 

will 
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will be constant or the same in all the differences of that order, 
and will be = 

1.2.3.4 n ^.(^~-i).(^-~2)...(^— -p— 1) 

T^~y^'^^TJ^'~x8cc. 1.2.3...p^Xl.2 3...d-e><l.2.3...e7x&c. 

th 
For, if we expand the ^ powers of the polynomial quantities 

in the above Lemma, by the multinomial theorem, 

rn 

In(P+Q + R + S + &c.)7 

we have V^~^ x Q^~ x R "~' x S x &c. 

with a co-efficie nt ^.(^— 1).(^-~2).(^— 3)...(^--p--lj_ 

l/2.S...p—dx 1.^.3...d—ex 1.2.3...e—fx 8cc, 
»f. 
Also in (P+2Q+3R+4S + &c.)7^ 

we have P?"^ x 2^" V"" x s'^-'^r'"' x ^"^S'^^x Sec. 
with the same co-efficient. 

m 

Andin (P-{-3Q+6R+10S+&c.)^ 

we have P^"^ x 3^-'(/~' x 6'-%'"' x lO^-^S'-^'x &c. 

with the same co-efficient, &c. 

th 
But by the preceding proposition the n differences of 

l^~'xl'-%f--^x&c. 

3^^x6''""%10'~'^x&c. 
&c. 
will be constant and equal to 1.2.3,, , . « 

p — d 4 — e e-—f 

V xlS K 1.2.3' x&c. 

Therefore^ 
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Therefore, in the n differences of the 2 powers, we have 
Pf~~''xQ^'~ X R "^xS x&c. with the constant co-efBcient 

1 .2. 3.. ...n ^■(^-l).(^-2) .... i^-p^) 

f~'x'i^'^~'x^7iW~xScc.- 1.2.3..p^rfx 1.2.3..!d3^xl.2.3..e/^&c. 

The several formulae laid down in the following Chapter 
are deduced from Prop. 4. and the Lemma, in like manner as 
the general co-efficient now given, by means of the multi- 
nomial theorem, which I have stated in the first Essay, 
wherein the uncise of powers were deduced from the dif- 
ferences of powers of numbers, which, having a common 
difference, arc in an arithmetical progression. 
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CHAP. II. 



Problems for fmding, per Saltum, all the constant parts in the 
'Differences of any order, 

PROB. I. 

th tk 

All the constant parts in tlie n differences of the ^ 
powers of quantities not increasing uniformly, will be 

1.2xl.2.3...(w-2) »-3^ 

+ &C, 



y»A>»*D • 1, » Tt 



QD 



^1.2x1.2.3 , . . (n— 2) «~2 

_j, 1.2.3 ...» QBT> J-x?.(^-]).(f-2)P^-"'+&c. 

1 X 1.2 X 1.3.3...(n— 3) n-s* 

+&C. 

%vhich may be also expressed in the following form, by begin- 
ning with the constant parts in which P has the lowest index. 



Zt—n^n 



viz. ^.(^~.i)...(-_n— 1)P^ "Q 



n.(n — l).(n-~1) 



>»_„„_2, 



+ 1.2.3 f.(^-])...(^-w— 3).P7~"~"xQ2~ xS-f&c. 

the 
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the diversity of form arising only from the different arrange- 

th 
inent of the terms in the y powers of the multinomials. 

th 
Demonstration. The ^ powers of the expressions de- 

liuced from the Lemma (the co-efficients being understood) 

will be of this form, viz. 

QP"~'+QRP^"'+(QS+R)P^"VcQT+RS)P""V&c. 

+QP~* +QRP^~' +(QS+QR)P7~'+&c. 

+ QP^ +QRP^ * +&C. 

+ QPr ^ +&C. 



H-DP^-^ +^c- 



^m 2 



+ (QD^_^+RD_2 +SD^3 +&c.)xP^- +&C. 

+ (Q D„_2+Q™»-3 + ^k-. + &C-) X ^^" + ^^• 

+<Qt>„_3+QRD _4 ^- QSD _, + QRb _„,+&€.) xP"-*&c. 

By prefixing to the powers of the letters Q, R, S, &c. the 
saiiae powers of their variable co-efficients, or of the triangular 

numbers 
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numbers, and prefixing the constant co-efficients of the terms 

ih th 

in the ^ powers of a multinomial, we shall have the ^ powers 

th ^ 

of the successive quantities in the Lemma ; in the n differ- 
ences of these, all the terms are exterminated, in which, such 
powers of the triangular numbers are multiplied together, that 
the number of orders which the triangular numbers admit, 
being multiplied by the indices of the powers, and the pro- 
ducts being added together, the aggregate is less than «, viz. 
when the indices p — d, d — e, e—f, Sec. are such that {p~ d) 
+ 2{d — e) + 3{e—f)+Scc. is less than n, the co-efhcients of 

Q^~ X 11 ~^ X S'~ X &c. will in the n differences be extermi- 
nated ; but when that sum is equal to n, the co-efficients of 
those quantities will be constant, and are known from Prop 5. 

Hence, all that can be constant in the first differences will 
be?P7~^Q;in the second differences, ^Pf~'r+Q».(^.1)Pf-2. 
the constant members found in the third differences will be, 
fP?-'s + i2iQR=.(;-1)pf-%||iQJ.(?-l).(?_3)P?-' 
the constant members found in the fourth differences will be, 

-P^~'T4.±H£os 

-^1x1.2 3^'^ f ^ /"»-^^PF■~Vi±HnR'» {"^ i^ /"^ o^pf"^ 



R 



1.2X12^ 



■+?^^(?-l).(?-2).(^^-3)PT-*Q 

and so on, for the higher orders of differences. 

VOL. XI. 2 C PROB. 
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PROB. II. 

If in a series of Quotients one of which is ^ the dividends 

P 

sidmit several orders of differences, of Avhich the differences 
corresponding to p in the several orders, are q, r, s, t, &c. </„, &:c. 
and in like manner, if of the differences of the divisors, those 
vi^hich in the several orders correspond to P, are Q, R, S, T, 

th 
&c. D„, &c. Then, all the constant parts in the n differences 

of the terms of the series of quotients are, 

„ 1.2.3.. .w "^ / _ J 

1.2.3...n VX--1XP 

lXl.2.3...(w-l)^I^„-i\ 
+&C. J 



^'TPTJsZi^^n-i L— ix(--i~^i)P~~'~%&c. 



1 . 2^ . 3 . . .ti 
4&C. 



th 



For, if the — 1 power of P+Q+il+S+&c. (which is of the 
same form as above, only substituting — 1 for^) be multiplied 
by p+q+r+s + 8ccy and the several multiplications of the 
terms be performed, according to the powers of P, taking 
also into account the places of the members of the multino- 
mial multiplier. In the place of the quantities included in 
the several lines in the proof of the preceding Problem, we 
shall now have the quantities, in the following expression, 

contained 
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contained in the several braces, and the quote (without re- 
garding the co-efficients) is of this form, 
(p-{-q+r+s +t +Sic.+ d^ +&c.)P"^ 



pq+pR+pS 


+pT 


+&c.-J-/»D„ 


+?Q+?R 


+gS 


+&C. +^D_, 


+rQ 


+rR 


+&c.+/'D„_, 




+.'Q 


+&C. 




•l-I 



pQ+/)QR+/>(QS-|-R)+&c.+/>(QD+RD +&c.)+&c. 

+yQ +9QR +&c.+9(QD+RD +&c.)+&c. 

+rQ +&c.+r(QD+RD +&c.) + &c. 

+ &C. 




+&c.+/>(QD+QRD-l-&c.)+&c.' 



n—Z 

2 



+3£c.+^(QD-f-QRD+&c. )+&c. fP-^-^ 

n— 3 o— 4 

+&C. +&C. 

If cl^ is put for any of the differences, q, r, s, Sec. or in ge- 

th 

neral for the first among the v differences of the dividends, d 
being always of one dimension, and its order being v, the 
product of its Index and order is v ; therefore, putting 

v+(p—d)-\-2id—e)+3{e—f)+kc.or v+p+di-e+&c.=n, when 

th 
the constant co-efficients of the — 1 power are expressed, and 
when each quote is represented in the above form, by ex- 

2 B 2 pressing 
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pressing tho powers of the triangular numbers which are the 
variable co-efficients of d^, Q, R, &c. as in Prop. 5, the fol- 
lowing quantity will be found, viz. 
?z.(n— l).(n— 2).. 3.2.1 — 1.— 2.— S...— ^ 

X p"~^~^ xd X (^'~' X II ~' X &c, will be constant in all the 

V 

th 

n differences of the quotes. Thus, the several quantities of 

th 
this kind which will be constant iu all the 4 differences of the 

terms of the series of quotients, are viz. 

PROB. III. 

Let there be any series of products, the successive factors 
admitting several orders of differences, viz. Let one of the 
products beAxBxCxDx &;c. and in the series of factors to 
which A belongs, let the differences corresponding to A, in 
the several orders, be Oj, a^, a^, &c, a„, &c. And of the 
series of factors to which B belongs, let the differences cor- 
responding to B, in the several orders, be &p b^, 63, &c. 6„, &c. 
And in like manner, also, of the series of factors to which 
C belongs, let the differences Corresponding in the several 

orders 
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orders be e^ Cg, c^, &;c. o„, &c, &c. All tlie constant parts 

th 

in the n differences of the contents will be, viz. 
ffl„BCDE &c.+A^„CDE &c.+ABc„DE &c.+&c.) 

+«r«„_i^i<^DE &c.+aj6„_iCDE &c. + &c.) 
■ »■»-■(«„ ACDE &C. + ttA-^CDE &c. + &c.) 

+ &c. 

+ ?».(«— 1) f a„_„2?^jCjDE &c. + aj).^_^c^y DE &c.+&c.)+&c. 

+ &C. +&c. 

For, instead of the powers in Prop. V. we shall now have 
a series of products in which the factors are of the forms 
A-{-a^ + a^+8cc. h + b^ + b^+Scc. C + c^+c^+Scc. and in which 
products, from the nature of multiplication, the combinati- 
ons of differences are multiplied into all the other first terms 
but their own, &c. And, of the triangular numbers, which 
in the successive contents of this form, are the co-efficients 
of those differences, a^, a^, &c. h^, b^, &c. &c. whenever the 
combinations are such, that the sum of the orders of differ- 
ences which the triangular numbers admit is equal to n, the 
th 
n differences of the members containing these combinations 

ih 

will be constant. And if g+A+i + &c. = w, in all the n dif- 
ferences we have the following quantity, viz. 

^■.gxi^s;:.xi.2 3::Uc.><(--M^c><ZYX&c4-ABC&cX^.3/.^&c+&c) 

Note. 
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Note. Besides the constant quantities expressed in the 
above several formulae, the actual difTerences will consist also 
of certain variable quantities, except in the following cases, 
in which the actual differences themselves will be constant. 

PROB. IV. 

Let the greatest number of orders which a series will admit 

be g, and let the constant differences be a. Let the greatest 

number which another series will admit be h, and constant 

difference be b^. And let another series admitting i orders 

have a constant difference C;. Sec. Then if g-{-h+i+8cc = 7i, of 

the contents of the corresponding terms in all those series the 

th 
actual (Jifferences of the n order will be constant quantities, 

1 _ 1»2.3.4 n 

''^~ 1 .2.3....^ X 1.2 3...A X 1.2.3...i X &c. *" «g ^ ^A '< Ci ^ «^c. 

For, in the contents of the form {A + 8cc.-i-a^)x {B + &C.+6/,) 

(C + &C. + c.)x &c. the product of all the constant differences, 

or UgX \x c^x 8cc. will be the common co-efficients of the 

products of the highest orders of the triangular numbers in 

the successive expressions deduced from the Lemma, and the 
th 
n differences of the products of those numbers are constant 

th 

by Prop. IV. But the n differences of the terms containing 
all except the highest orders are exterminated, the sum of the 

ordep* 
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orders of the factors being less in those terms than n, therefore 

tfi th 

the n differences of the contents will be the n differences of 

their highest members, and therefore equal to 

t . 2 . 3 . 4 n 

1.2.3..^ X 1.2.3../t X 1.2.3..e x &c. ^ "s ^ ^a '^ '^i ^ ^^' 



PROB. V. 

Also, if any series have m number of orders, let d be the 

last difference, the n powers of the quantities of that series 

will have as many orders as n x niy and the constant differences 

1.2.3.-. (/ran — l).mn « , . « 

= ■ •• :^ — xd. For here ff+rt+2 + &c.r:?«xw, and 

1 . 2 . 3 . . . m' 

n. 

a xA xc.x&c.=fifx</x&c. =:d 

EXAMPLE. 

If of the roots, the differences of the second order be all 

equal to R, the cubes have their sixth order constant and= 

1.2.3.4.5.6 3 

^==^3 XR=90R. And this would follow from Problem 

the first, for in the sixth differences of the y powers, we have 

1.2.3.45.6 3 »«_3 

the following term, viz. zzir^ — —R x «.(^_i).(«~2)p7 and 

1.2 xl-2.3 

(if ^=3, and third and successive differences of the root=0) 

=9or! 

If 
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If for the powers of Q, R, S, &c. we substitute the powers 
of the first, second, third, &c. fluxions of w, the above will be 

the formulae for the several orders of fluxions of ir^^. For, the 
fluxions of cc are parts of the actual differences, no notice of 
the remaining parts being necessary to be taken. And if, in 
the formulae for the diiFerences of the powers, we substitute 
for the difference of the roots the fluxion of the root + the 
rejected part of the actual difitrencc of the root, the powers 
of the fluxion of the root will be similar to those of the dif- 
ferences of the root, with the same co-efficients ; the remain- 
ing powers of the fluxion of the root are not to be noticed, 
as involving the members rejected in deriving the fluxion of a? 
from its actual differences. 
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ESSAYS 

ON 

POWERS AND THEIR DIFFERENCES. 

BY FRANCIS BURKE, Esq. fiCc. Kc. 



THE THIRD ALGEBRAICAL ESSAY. 



On Jinding Divisors of Equations. 

INTRODUCTION. 

Sir I. NEWTON has given no proof of the method of 
finding divisors, which he has delivered in his " Universal 
Arithmetic." But, in his second example for finding a bino- 

4 3 2 

mial divisor, the proposed is oy — 1/ — 21i/ + 3i/ + 20, and the 
quantity with which the division is to be tried, is i/ + i, or, 
which he says is the same thing, 3y + 4. And here Saunderson 

supposed, that the expression of the general form x+-r, was 

adopted by Newton, lest the divisor fx + e should admit a 
simple divisor, or its terms admit a common measure. But 
this supposition cannot hold when the rule has set out with 
supposing the given quantity to have been previously divided 
TOL. XI. 2 c by 
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by all its simple divisors, in which case no compound divisor 
can baf^ a simple divisor, for such would be also a simple di- 
visor of the quantity proposed. If, as in the example 2x — b, 
Newton had merely considered the quantity in the relation of 
a divisor, he would not first represent the divisor in the form 
.r — _ and thence 2x — b. For, from division alone it would 

not followj that, if the Sub-multiple found should divide the 
proposed, so should also the multiple. Therefore, Newton, 
in the examples 1/ + ^, a~|, &c. must have deduced those 
expressions from the nature of fractional roots, as they enter 
the factors of an original equation, where from ?/+i = fol- 
lows Sy + 4i—(X. The case of a divisor of one dimension, in 
which the' co-efRcieAt of the highest term is unit, has been 
proved from the nature of equations by M'Laurin. In the 
following Chapter, I shall give a demonstration for every 
case, by distinguishing between integral, fractional, and surd 
roots. 

If an equation admits of no rational divisor of one or of 
tw-o dimensions, the rales which have been usually given are 
inadequate to discover a binomtial or trinomial divisor which 
might serve for investigating roots. But since equations of 
higher than two dimensions may often appear as trinomials, 
of a form which is similar to that of quadratic equations, and 
thus be capable of a similar resolution, a statement of the 
rules which would extend to the finding of such divisors may 
be practically advantageous. 

Besides 
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Besides, if it happens that several binomials or trinomials 
are only apparently deducible by the method, we may find a 
criterion for discovering those which shall not really succeed 
in the division, if we try whether the quote, which should re- 
sult from that division, is discoverable in the same manner as 
the divisor. For this purpose it will be of use to discover a 
general rule for a polynomial divisor, and the series of num- 
bers which apparently gives us the divisor, will point out to 
us the series of factors which should give us the quote ; from 
whence, by the method of differences, or a numerical sub- 
duction, we shall avoid the repeated operations of a trial by 
algebraical division. 

These, and some other advantages, are the practical objects 
of this Essay, for which the Reader is referred to the second 
Chapter. In the first Chapter, the general theory of the rule 
is laid down : it is deduced from the nature of an equation, 
which is a different view of the subject from that which is 
usually giveu by authors. 
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CHAP. r. 

The general Theory from whcjice the Rules for f tiding Divisors 
of Equntio7is are deduced. 

.It there IS given any equation, as 77ix + Vx+Qx + ^x + Sx + 

Tx+Yx+W = Q, bj substituting for the unknown letter a:, 
any given quantity A, we shall have a result which is the ab- 
solute term of a transformed equation, whose roots are indi- 
vidually those of the given equation diminished by A. For, 

if we substitute y + A for x, we shall havem(y+ A) + P(^?/+A) 

+ Q(y + A) + R(y + A) + S(tj + A) + T{y + A) + Y(ti + A)-{-W^O 
and w^hen the powers of the binomials are expanded, the last 
terms of those powers will be the similar powers of A, and 

will contain no dimensions of y. Hence mA + PA + QA + RA 

3 2 

+ SA + TA + VA + W, the sum of those members which con- 
tain no dimension of y, will be the absolute term in an equa- 
tion in which y-\-A=x and y=x — A. 

If for the unknown letter there be severally substituted the 
terms of a decreasing arithmetical series, 3, 2, 1, 0, -1, -2, -3, 
the results are the several absolute terms of transformed 
equations, whose roots are those of the given equation, res- 
pectively diminished by the substituted quantities ; and since 

th« 
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the roots are successively diminished by quantities in a de- 
creasing arithmetical series, they are successively diminished 
by lesser numbers, and therefore in each transformed equation 
the roots will be greater than in the preceding, by the com- 
mon difference of the substituted numbers. But where the 
highest term of the equation has a co-efficient, there are frac- 
tional roots, whose denominators, if rational, are some of the 
numeral divisors of m. For, the product of the roots with 

the signs changed is — ; and since those fractional roots must 

differ in the successive transformed ccjviations by the common 
difference of the substituted numbers, if the difference of the 
substituted numbers be reduced to the same denominators 
with the fractions, the numerators of the fractional roots will 
differ by the numerators of the fractional expressions for the 
difference, that is by the common difference, multiplied by 
the root's denominator, which denominator, in the case of 
rational roots, is an integral divisor of the highest term. 

Amongst the rational and irrational divisors of those quan- 
tities, (128w? + 64P+32Q-f-l6R+8SH-4T+2V+W), (/«-f-P+Q 
+ R+S-hT+V4-VV), (W), (— m+'P— Q+R— S+T— Fi-W), 
&c. &c. there should be as many arithmetical series as is the 
number of dimensions of the equation ; for, so many roots are 
successively diminished from the nature oi the operation. 
But only the terms of the rational series, and the rational 
products or contents of the irrationals, can be found among 

the 
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the rational divisom, viz. if tlie roots of the given equation 

be -|-r, Y\t rT> &c. and A is any substituted term, the 

corresponding terms in the different series of the increasing 
numerators of the roots will, with their signs changed, be 
found among the corresponding tertns of the decreasing series 
of divisors, which terms, by pvitting D generally for any de- 
nominator, will be AxD + a, AxD+b, A x D+c, &c. ; and 

the products or contents of these, will be A"xD"-fA'*~ x 

D*~'a+6+c4-&c. + A'^-^ x D"~^«6+gc-^.-&c. + A""^ x D"~^ 
abc-\-abd+Scc.-{-8cc. -{■ abcde Sec. ; and here all the powers of the 
substituted number, descending from the number of dimen- 
sions of the polynome required, are connected with the different 
combinations of the numerators of n number of roots with their 
signs changed, that is with the numerators of the co-efficients 
of a polynomial divisor of the proposed equation, their com- 
mon denominator being the product of the denominators o? 
n roots, since the numerators of such co-etficients are made 
up of members each of which is a product of the numerators 
of roots, with their signs changed, multiplied into all the 
rest of the n denominators but their own. 

When the substituted numbers are the terms of an arith- 
metical series, we shall have their powers multiplied, in the 
successive results, by the several co-efficients of the divisor 
recjuired, and if we take the differences of such results, and 

the 
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the differences of those differences, &c. as often as the index 
of the highest power denotes, the co-efficients which are con- 
nected with the inferior powers will be exterminated, and 
the highest co-efficients alone will be involved in the last dif- 
ferences, with the constant differences of the powers. For, 

tk th 

all the n differences of the n powers of numbers in arithmetical 

n 

progression are constant and zil x-2x3x4..Y^» — l).nX£? 

A general statement of Newton's rules for finding divisors 
can be easily deduced from the foregoing observations, as 
follows : 

Substitute successively for x in the proposed, the terms of 
an arithmetical series, 3, 2, 1, 0, -1, -3, -3, until the number 
of terms is greater then the index of the divisor required; 
place the numbers resulting from the substitution with all 
their divisors, as well affirmative as negative, opposite to the 
correspondent terms of the substituted series ; take the dif- 
ferences of those divisors, and the differences of their differ- 
ences, &c. ; if the differences of any series of divisors be com- 
mon, when the number of orders of differences taken is equal 

to n or the index of the polynome sought, that difference 

th 
being divided by the last difference of then powers of the 

terms of the natural series or by 1.2.3...W, the quotient should 

be a divisor of the highest term of the proposed, and if so 

should be made the common denominator of the co-efficients 

of 
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of the polyiiouiial divisor, or the co-efficient of the highest 
term of that divisor. Subduct the divisors of the above re- 
sults from the powers of the correspondent terms of the arith- 
metical series (n being the index of the powers) multiplied 
into the last found numeral divisor of the highest term. Thus 

you will have subducted the divisors from their own first 

th 
members : hence there will be found only the n — 1 powers for 

th 

the highest powers in the remainders, and then — 1 differences 
of the remainders will be constant, and being divided by 
1.2.3. ..w — 1, the quote is the numerator of the co-efficient of 
the second term with the signs changed, (for the signs of the 
co-efficients are changed by the subduction of the divisors 
from their own first members). Subduct the last found nu- 
merator, with the sign changed, multiplied into the correspon- 
dent powers of the natural numbers whose index is n — 1, 
from the first remainders. If the order of differences of these 
or of the second remainders be constant when the number 
of orders is equal to n — 2, that difference being divided by 
1^.3...w — 2, the quote is the numerator of the third co-effi- 
cient with the sign changed. 

In general, if the numerator of a co-efficient with the sign 
changed, whose distance from the first term is m — 1, be de- 

rived from the last differences of the m — 1 remainders, divided 

by 1.2.3... {'n—m — l) as we have shewn where that distance 

is 
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is ] or 2 ; in like manner the numerator of a co-efficient with 
the sign changed, whose distance from the first is m, will be 
derived from the last differences of the remainders which are 
deduced from the former remainders by subducting from them 
the numerator of the co-efficient last found, with tlje sign 
changed, multiplied into the powers of the correspondent 
terms of the natural series, the index, of which powers is 

n — m — 1. 

th 
If 1.2.5...WX D is the » difference of the divisors of the ab- 
solute term, or if D is otherwise sought among the numeral 
divisors of the highest term of the proposed, and if the last 
differences of the first, second, third, &c. remainders, be 



VIZ. 1.2.3. ..n — 1 X — p, 1.2.3...W — 2 x — q, 1.2.3. ..n — 3 x — r, 
&c. The polynomial divisor of n dimensions will be 

n n n — 1 a n — 2 ^ n — 3 , „ -i-n » , « — 1 , «— 2 , »— 3 

0? +JLx +XiV -f'-!-*' +occ» or Dx +px -\-qx -^-rx 
DUD r ^ 

+ k.Q.-\-ahcd &c.z;0 

Note. The quantities called remainders are the divisors- 
subducted from the sum of their own members already dis- 
covered. The numerator of the required co-efficient must be 
made to stand in the highest place in those expressions whose 
differences are to be taken, and this is effected as above by 
taking away the higher powers which were connected with the 
preceding co-efficients. 

VOL. XI. 2 D- An. 
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An abridged mode of finding divisors may be more simply 
deduced from the general expression, in tlie same manner as 
Gravesand has done in his example for the cubical divisor. 
For, tJie following being the form of the divisor, viz. 

AxD+A xD a + b + c+8cc. + A xD xob + ac + Scc. 
+ &C... + A X Dabc Ikc.+acd 8cc.+ Sec. + abed e Sec. If we there- 
fore begin the operation by subducting the sum of the first 
and last members, or A" x 0" + abode &c. (A" x D" being found 
as before, and abcde Sec. being found opposite to cypher) 
and, if we then divide the remainder by A, we shall tlius have 
depressed the indices of the powers of the substituted num- 
bers by 2, and therefore the differences to be taken will be 
fewer. Hence, in the case of a divisor of three dimensions, 
or a divisor of four dimensions, whose second term is wanting, 
the quotes or depressed remainders are in arithmetical series, 
and thus, two co-efficients are discovered together, the second 
co-efficient being the common difference of the arithmetical 
series, and the penultimate being the term of that series 
which should correspond to cypher. This term, however, is 
not immediately discoverable opposite to cypher, and al- 
though in the cubical divisor it is always to be known, being 
the basis of the arithmetical series, yet the term is not really 
expressed, (for the divisor abcde &c. being subducted from 
itself Avould leave cypher, and as this corresponds to the sub- 
stitution of cypher, the division of the remainder by the 

substituted 
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substituted quantity, or of cypher by cypher, will give any 
iinite quotient, and the number being indeterminate is un- 
derstood till it is discovered by continuing the law of the 
series.) But in finding divisors of higher dimensions where 
those depressed remainders or quotes arc not in arithmetical 
series, and where, in order to obtain arithmetical series, the 
diiFerences of the quotes are to be taken, no such quotes can 
be understood, and therefore the substitution cannot then be 
continued bej'^ond cypher. But if we substitute the terms of 
the natural series, from the index of the polynome to unit, 
when the arithmetical series shall be obtained from the higher 
order of differences of the quotes or depressed remainders, 
the term opposite to cypher is found by continuing the law 
of the differences, and thence the law of the series for one step 
farther. From those principles, as in the following rule, we 
discover two co-efficients of the divisor at once. 

Substitute for the unknown letter in the proposed the terms 
of the natural series, descending from the index of the divisor 
required to unit}' ; adding the divisors opposite to cypher to- 

the divisors of the highest term, multiplied into the n powera 
of the natiuial numbers, let the sums be respectively taken 
from the divisors of the results of substitution of such corres^ 
ponding natural numbers; divide the remainders by those 
corresponding substituted numbers, and if the difference of 
the quotes be common, when the number of ordiers is n — 2, 
the common difference divided by 1.2.3. ..w — 2 is the numeral, 
o-efficient of the second term of the divisor of w dimensions.;. 

2 D 2 Icfe, 
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let k be the extreme quote corresponding to 1, and — fcj, — /c^, 
— /r,, &c. the extreme differences of those quotes of the first, 
second, third, &c, orders, by continuing the differences be- 
ginning with the penultimate differences, we shall continue 
the terms of the series, and the terra opposite to cypher will 
foe found /c + Zc, ^- k,, + k„ + &:c, ; and because the member which 
alone is not multiplied by the substituted number in the 
quotes, is the co-etficient of the penultimate term of the di- 
visor, that co-efficient should be the term found opposite to 
cypher. 

In general, the co-efficient whose distance from the first is 
m, along with the co-efficient whose distance from the last is 
idso=:OT, will be derived, in like manner as above, from the 
quotes which result from dividing by the corresponding sub- 
stituted numbers, the remainders, after the quotes in the pre- 
ceding step are diminished by the co-efficient whose distance 
from the last is m, and by the product of the co-efficient 
Avhose distance from the first is the same, multiplied into the 
powers of the correspondent natural numbers, whose index; is 
n — 2/«. 

If the last differences of the quotes in the first, second, 
&c. steps, be 1.2.3...n — 2p, 1.2.3.. .n — 4^q, &c. ; and if, in the 
series of the first, second, &c. quotes or depressed remainders, 
the terms opposite to cypher be k-\-k^-^kci^-\- kc. l-^l^^-l^+Scc. 

Sec. the polynomial divisor is T>a;''+paP~ +qx"'~ +&c.+ (1+ 

?, + &c.> + (k + k^ + kc.)x+ahcd &c, 

CHAP. 
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CHAP, II, 

The practical AppUcatiQn of the foregoing general Rules, 
JPOR an example of the method of finding divisors, let the 

7 « S 4 3 J 

proposed equation be 18a:-lox-l2a:'+10^-108>r+90a^+43j?-3o=0, 
and let the roots be diminished by the terms of the natural 
series ; 



3S24310 i 13,34, 443, 55, 715, 18*0, | IS, 3 ^'3 ±_^^ Ac 
2 1 065 I 7,19, 133, 5, 35, 95, -J 7, 2^ 3+v/-^,&c. 
11 -10 I 1, 10, 10, -1, -1, -10,J 1, ^3+^=7,&c. 

■OJ -35 f ^5, r, -35, I, -5, +7,1 -5, +^—7^0, 

"tn 5 fee -__ I. -I ■ - - 

.il 110^-11,10,-110,-1, n, -10,1-11, V^+y-~7,&c. 

-21-1615 I -17, 19,-323, 5, | 

-3 1 -43010 

Thus, to find a divisor of one dimension : 

13 g 3x6—13 = 5 

7 ^ 2x6— 7 = 5 

1 g D=:6 1x6— 1=5 p=-^5 

-5 g 0x6+ 5=5 

-11 ^1x6+11=5 

The divisor is x — -^ or which is the same thing, 6x — ^5=0. 

Tft 
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To find a divisor of two dimensions 



10 I 6 




9 X 3—34= -7 
4x3—19= -7 " 
1 X 3—10= -7 " 
0x3— 7= -7 " 
1 X 3—10= -7 






D=:-i=3 

1.2 


—7—3 X 0= 
;>=0 — 7 — 2x0= 


-7 
-7 


10 ^ 


—7—1 xO= 


-7 



2 n 2 

The divisor is ai-^ j or Sat + 7=0, 
To find a divisor of three dimensions ; 

442 27x18—442=44 44— 9xI5=-9I 

133 186 8x18—133 = 11 ""^ 30 11— 4xl5 = -49 *]; 

^0 4-? '^ ins 1x18—10=8 „:^ 30 8— 1x15= -7"*: 

-35 ^ -30 *""* 0x18+35=35 ^,30 35— X 15= 35 *^ 

-110 -1x18 + 113=92^^ 92—7x15=77 

The divisor is x — y^-^t j^'iv"^^ or 18^? — 15^+42^—35=0 

To find a divisor of four dimensions, according to the ge- 
neral statement of Gravesand's method, or the abridged mode 
which was given above: 



1 ^« .. 

5 44 


36 


55— (81 + 1) = 
5— (16 + 1) = 


-12 |I -6 r, 

-3^S -3 "^ 

0^1 "•^ 


-9-0= 

-6,-0= 


-6 II— 3 


-1-2 8 


12 2* 


~1— (l + l) = 


-3-0= 


~3^g— 3 


; 2-*. 


24 
-12 


1— (0+1) = 




11 , 


-^~6 ^ 






p-p=0 




fi-S=-3 


5 






rcsO 







D= 



24 



1 2 3,4 

The divisor is a? — 3x + i~0 



From 
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In like manner, to find a divisor of six dimensions, if the 
substituted terms were begun with 6, 5, 4, 3, 3, &c. the cor- 
responding results would give the series of divisors, 136/45, 
45182, 11495, 1870, 95, &c. 



136745— (3x6 + 7)= —3240 li —540 

* S 5=^ o 

45182 — (3x5 + 7)= — 1700 ^« |! —340 

1]495— (3x4 + 7)= — 800>5£'— 200 '"^ — ^3 _ 

1870 — (3x3+7)= — 320-1-f — 108 — "^^ ic* 



140 .^ ^-^ O 



2 + 7)= -104°!^ —52 — ^* 

+ 1 2 — 3 6 + 55 — 52 = —20- 



^+;fi + A:3 + A-3-I-A;^=0+12— 34 + 22— 20-0 and p^rQ 

—540— (0 + 0)= —540 .J. — 90 , 

— 340— (0 + 0)= — 340 I ,« — 68 'J — 4 

—200— (0 + 0)= —200 S. I —50 —4 

— 108— (0 + 0)= —108 1^ —36 —4 

—52— (0 + 0)= —52 1 1— 26 _ —4 

—20 

/+/j+/3=— 4 + 6— 20=— 18, ^=i::l=— 2. 
The divisor is 3^— 23?— I8a? + 7=;0. 

Thus, from 13, 7, 1, — 5, — 11, we have derived the divisor 
6x — 5=0, and from the numbers 34, 19* 10, 7» 10, we have 

the divisor 3x+7=^0. Bui as these are binomial divisors, and 
as the usual rules extend only to divisors of one, two, and 
three dimensions, from them the equation does not appear to 
admit a trinomial divisor. However, according to the rules 
for finding a divisor of four dimensions, from the numbers 

55, 
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'55, 5, — »1, 1, — 1, 5, we have a trinomial divisor x — S*'+1=0, 
Avhosc roots can be discovered by resolving a quadratic equa- 

3 2 

tion. Also the divisor 18.r — I5a?+42.r — 35zr0, which is de- 
duced from the numbers 442, 133, 10, — S5, &c. is the only 
quadrinomial derived by the particular rules. But, by the 
general rules, from the numbers 1870, 95, — 10, 7, — 10, 9o» 

we find the quadrinomial 3a; — 2x — l8Ar + 7=0, which is re- 
ducible to a cubic. 

A divisoi* of five dimensions is found from the numbers 
715, 35, — 1, — 5, &c. and although, in this example, from 
the two first divisors we may investigate the others by help of 
division, yet the rule discovers them immediately, and in an 
equation having no divisors of such low dimensions, the usual 
rules would be inadequate to the discovery of the others. 

Sometimes no divisor of a given number of dimensions can 
be found, Avhich shall succeed in the division,, viz. when the 
content of so many roots is not found among the rational di- 
visors of the absolute term. Hovvever, the content of yet a 
greater number of roots may be rational, and among all the 
divisors, rational and irrational, there will be always as many- 
arithmetical series as there are roots, for all the roots are ne- 
cessarily diminished, as we have shewn, from the nature of 
transfi;rmation. 

When some of the divisors of the absolute terms of the 
given equation are odd, and others even, we can, prima facie, 

reduce 
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reduce to narrower limits the divisors of the other absolute 
lerms which stand opposite to the even substituted numbers ; 
let the even divisors alone be compared with the even divisors 
of the absolute term of the given equation, and the odd alone 
with the odd. For, abcde &c. or the divisor of the abso- 
lute term of the given equation, being subducted from 

A xD +&C. + Ax Da6c &c.+6cf/&c.+&c.+a6c</e&c. or from 
the divisors of the absolute term corresponding to A, the re- 
mainder should be divisible by A. Hence, that the even re- 
mainders may correspond to even substituted terms, the di- 
visors to be compared should be together even, or together 
odd ; for, the sum or dilTercncc of an odd and an even number 
cannot be even, and therefore cannot be divisible by an even 
number. 

Thus, in Newton's example, (which shall be given imme- 
diately) 14, which is opposite to cypher, cannot be compared 
with 19> which stands opposite to 2; nor 7» opposed to cypher, 
with — 38, opposed to 2. 

From the above general statement, we are enabled, a priori, 
(as soon as we shall have obtained those numeral divisors 
whose differences aSbrd arithmetical series) to try, without 
the trouble of division, whether polynomes can from thence 
be deduced, which shall really divide. For, if an equation 
can be divided by any compound divisor, it will also be di- 
visible by the quotient, or by the polynome Mdiose index is the 
difference of the indices of the equation, and of the compound 

vol,. XI. 2 E divisor. 
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dit'isor. Am], in a similar manner as by the general rule we 
dedoccd a divisor from the series of contents of the nume- 
rators of some roots, the signs of those roots being changed, 
so should the quote be discoverable from the series of contents 
of the remaining roots, with their signs changed. Therefore, 
when wc have found a series of numeral divisors which have a 
constant order of difllerenccs, if such coincidence with (he 
rule be not casual, the numeral co-factors of those divisors 
should also coincide with the rule for fmding a polynomial 
divisor whose index is the complement of that of the index of 
the polynome sought, to that of the given equation. 'J'he 
nighest co-efficient of the new polynome should be the highest 
co-efficient of the given equation divided by the highest co- 
efficient of the polynome required, and the co-efficients of 
the second terms of both polynomes should constitute a sum 
equal to the co-efficient of the second term of the equation. 

5 4 3 2 

Thus, in Newton's example, 3if — Oy+if — 8y — 14?/4-14, sub- 
stitute for y the terms of the arithmetical series: 



3 1 170 2 34, 10, 17, 5, § £ 5 

2I-38S 19, 1, -38, -2,1 i -3 

1 1 -10 :^ 10, -2, 5,-i,z^^-i 

0*5 14 I 7, 1, 14, 2, £-3 2 

.l| 10 = 10, 10, 1, Ij.S'S 1 

PS 



7 
-1 
-3 

1 


8 . !|| 

2^6 '1 


17 

-38 

5 

14 

1 


55 

-43 

-9 

13 


98 
-34 


-4 ° 1.2.3 ~i^ 


-22 



132 
-12 



Here the divisors 34, J 9, 10, 7, 10, multiplied by the cor- 
responding divisor 5, — 2, — 1, 2, 1, give the respective 
absolute terms IJO, — 38, —10, 14, 10. Now, since the 

divisors 
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divisors 34, 19, 10, 7> 10, give us Sy + 7i if such is a true 
divisor, the co-factors 5, — 2, — ^1, 2, 1, should supply (as 
they do) a trinomial whose highest co-efficient is unit. 

But although the second series 10, 1, —2, I, 10, would 

apparently give the divisor "Sy — 6?/4-l, yet the co-factors 
17, — 38, 5, 14, 1, will give us no cubical divisor, those co- 
factors not having the third differences common: therefore 
we reject the series 10, 1, — 3, 1, 10, as casual, and not 
arising from the nature of the operation. 

To reject those numbers 10, 1, — 2, 1, 10, Newton con- 
tinues that series, according to the required law, by continuing 
the terms of the arithmetical series of the remainders. Now, 
of the series 10, 1, — 2, 1, 10, 25, the new term 25, is found 
not to divide — 190, which results from the substitution of 
— 2. But the method which is above given detects the for- 
tuitous divisoi's, without the trouble of continuing them, 
which is a particular advantage, if the fortuitous series should 
not break off for the several terms. The co-factors are im- 
mediately pointed out by the numeral divisors to be tried, 
and besides the greater facility of numerical subduction than 
of the division of algebraical quantities, it is also advan- 
tageous that the above can be tried when the numerical di- 
visors are first discovered to have a constant order of dif- 
ferences, but algebraical divisioji can only be tried when all 
ihe co-efficients of the polynome are completed, 

2 E 2 In 
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In substituting the terms of the natural series, one of-tli^ 
terms being cypher, the process of involution is easier, not 
onlj because of the smallness of the numbers, but also the 
same process of involution will serve for the substitution of 
affirmatives and negatives. For, in general, in an arithmetical 
series, when the next terms to cypher, or the two lowest terms, 
are the same, but with contrary signs, all the terms below 
cypher are the same with those above it, excepting the differ- 
ence of sign. If an affirmative quantity be substituted for x, 
and if Ave make one sum of the terms in which the indices 
are even, and another sum of the terms in which the indices 
are odd, both sums, added together, will be the result of the 
substitution of the affirmative, and the sum of the terms con- 
taining even powers, less by the sum of the terms containing 
the odd powers, will be the result of the substitution of the 
same quantity, with a negative sign. 

Yet we would not always substitute the same number of 
affirmative and negative terms. For, if all the terms of the 
given equation are affirmative, we shall have lesser results by 
substituting negatives for x : for the roots being all negative, 
if we diminish them by negative quantities, we shall bring 
them nearer to cypher. And if the terms are alternately af- 
firmative and* negative, the roots being all affirmative, we 
should diminish them by affirmative quantities. If the roots 
of the equation are great, and the absolute term thereof con- 
siderable, by considerably diminishing those roots, that is, 

bv 
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by substitution of large numbers, we may diminish the results; 
but if the absolute term is not great, the smaller the numbers 
substituted, the less the results: and this, with the facility 
of involving small numbers, would make us to prefer the sub- 
stitution of the natural numbers near cypher. 

When the roots are integral, by substituting the terms of 
the natural series, (which contains all integral numbers), Ave 
may be able, by mere substitution, to discover those roots : 
for, when the root is substituted for the unknown, the result 
is equal to cypher, since the absolute term of the transformed 
is equal to cypher when the root is diminished by a quantity 
equal to itself. When there are fractional roots, we might dimi- 
nish the roots by an arithmetical series of fractions, and find 
results equal to cypher, but the substitution of these, and the 
ridding the terms of denominatois, would be the same as to 
multiply the roots, and then substitute the natural numbers. 
Thus also, when all the roots have a common factor, we might 
substitute multiples of natural numbers, or use the natural 
numbers multiplied by that conmion factor; but since the 
results of substitution or the absolute terms, which are the pro- 
ducts of the roots with their signs changed, would, in the trans- 

fh 
formed, be all divisible by the n power of the common factor, 

after this division, the result would be the same as if we had 
first divided the roots by tneir common factor, and substituted 
the natural numbers themselves. 

The 
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The particular method of Newton will be easily under- 
stood, after the general rules which have been delivered above. 
I shall conclude this Essay with transcribing the rules for find- 
ing divisors, which he has given in his " Universal Arithmetic." 
His method, in the first of the following passages, will be 
applicable, as we have seen, to the rational divisors of one 
dimension ; that in the second, will extend to the rational 
quadratic divisors, or divisors of two dimensions ; the third 
of those passages gives us a general view of the method of 
finding divisors of n dimensions, the demonstration of which 
has been given in the former Chapter of this Essay ; the con- 
cluding paragraph will appear from the observations which I 
have made in the foregoing page. I shall state all those 
passages in the original Latin, which is clearer, perhaps, than 
any English translation could be, on the subject. 

Si quantitas postquam divisa est per omnes simplices di- 
visores manet composita, & suspicio est earn compositum ali- 
quem divisorem habere, dispone eam secundum dimensiones 
liter* alicujus quae in e4 est, & pro litera ilia substitue sigil- 
latim tres vel plures terminos hujus progressionis arithmeticaj, 
3, 2, ], 0, — 1, — 2, ac terminos totidem resultantes una 
cum omnibus eorum divisoribus statue e regione correspon- 
dentium tenninorum progressionis, positis divisorum signis 
tam affirmativis quam negativis. Dein e regione etiam statue 
progressiones arithmeticas quae per omnium numerorum divi- 
sores percurrunt pergentes a majoribus terminis ad minores 

eodem 
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codem ordine quo termini progressionis 3, 2, 1, 0, — 1, — 2, 
pergunt, & quarum termini difFerunt A^el imitate vel numero 
aliquo qui dividit altissimum terminum propositaequantitatis. 
Si qua occurrit ejusmodi progressio,iste terminus ejus qui stat 
e regione termini progressionis primae, divisus per difFeren- 
tiam terminorum, & cum signo suo annexus literae praefatae, 
componet quantitatem per quam divisio tentanda est. 

Si nuUus occurit hac methodo divisor, vel nullus qui dividit 
propositam quantitatem, concludendum erit quantitatem illam 
non admittere divisorem unius dimensionis. Potest tamen 
fortasse, si pluriura sit quam trium dimensionum, divisorem 
admittere duarum. Et si ita, divisor ille investigabitur hac 
methodo. In quantitare ilhi pro litera substitu^, ut ante, 
quatuor vel plures terminos progressionis hujus 3. 2. 1. 0. 
— 1, — 2. — 3. Divisores omnes nuraerorura resultantium 
sigillatim adde & subdue quadratis correspondentium ter- 
minorum progressionis illius ductis in divisorem aliquem 
numeralem altissimi termini quantitatis propositae, & summas 
difFerentiasque e regione progressionis coUoca. Dein pro- 
gressiones omnes coliaterales nota quae per istas summas dif- 
ferentiasque percurrunt. Sit TC terminus istiusmodi progres- 
sionis qui Stat e regione progressionis primae, "+B differentia 
quae oritur subducendo "+ C de termino proxime superiori, qui 
Stat e regione termini 1 progressionis primae, A praedictus 
termini altistimi divisor numeralis, & I litera quae in quantitate 
proposita est, & erit All+Bl+C divisor tendandus. 

Si 
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Si nuUus inveniri potest hoc pacto divisor qui succedit, 
concludendura est quantitateni propositdm non admittere d'u'i- 
sorem duarutn diraedsionum. Posset eadem methodus extendi 
ad inventionem divisorum dimensionurn pUirium, quaerendo 
In praedictis summis difFei'entiisque progressiones non arith- 
meti6as quidem sed alias quasdam quarum terminorum dif- 
ferentia primae, secuttd^, tertise, &c. sunt in arithmetica 
progresisibne. 

Ubi in quantitate proposita duae sunt literae, & omnes ejus 
teifniini ad dimensiones seque altas ascendunt ; pro una ista- 
rum literarum pone unitatem, dein per regulas praetedentes 
quaete divisorena, ac divisoris hujus comple deficientes dimen- 
siones restituendo literam illam pro unitate. 



ERRATA. 



Pag6 line 

16 — 1 at top, for are displetuing, read it is displeasing. 

IS — 2 from bottom, for non ti timo, read non ti temo, &c. 

19 — 1 from bottom, for Pussignol, read L'tmignol. 

45 — 13 from top, {oris found, read M^brmerf. 

83 — 16 from top, for with blood, &c. read with the blood, &c. 
155 — 5 from bottom, for proudence, read prtidence. 
159 — 8 from top, for abstactedly, read abstractedly. 
184 — 7 from top, for suhstraction, read substratum. 
188, last line, for pati durosque laboie, read et duros perferre lahoreH. 



